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Asymptotic structure at timelike infinity: higher orders
Kentaro Tanabe
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Tetsuya Shiromizu
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Bearing the final fate of gravitational collapse in mind, we study the asymptotic structures at
timelike infinity in four dimensions. Assuming that spacetimes are asymptotically stationary, we will
examine the asymptotic structure of asymptotic stationary spacetimes in a systematic way. Then we
see that the asymptotic stationarity strongly restricts the asymptotic structure at timelike infinity.
We also observe that the resulted asymptotic form of the metric have the deviation from the Kerr
black hole spacetime without assuming of the presence of some additional asymptotic symmetries.
PACS numbers: 04.20.Ha
I. INTRODUCTION
If gravitational collapse takes place and black holes are formed, we can expect that the energies and momenta of
fields in the exterior region would be radiated away to infinities or fallen into black holes. As a consequence, one
usually expects that spacetimes would be approaching to asymptotically vacuum, stationary state. By virtue of the
uniqueness theorem of the Kerr spacetime in four dimensions [1], we can regard the Kerr spacetime as this final state
and use the Kerr spacetime to analyze astrophysical phenomenon around the black hole candidates in the universe.
However, since this uniqueness theorem requires the presence of a timelike Killing vector rigorously, we cannot say
anything about the late time phase of gravitational collapse, which is nearly but not completely stationary phase. The
purpose of this paper is to study how dynamical space-time is approaching to the final state (supposed to be the Kerr
spacetime) from the view point of asymptotic structures. Since we consider spacetimes at the late time phases, the
1/t-expansion would be reliable. Hence, we will consider the asymptotic structure of space-times at timelike infinity.
Gen and one of the authors in the present article developed the way to investigate the asymptotic structure
at timelike infinity [2, 3]. Therein the notion of asymptotic flatness at spatial infinity formulated by Ashtekar and
Romano [4] was used. In Ref. [3], the first order structure at timelike infinity was studied and the notion of asymptotic
stationarity was introduced. Roughly speaking, asymptotic stationarity means that a spacetime is approximately
stationary near timelike infinity, but not completely stationary. Then one may expect that asymptotically stationary
spacetime at timelike infinity describes the late time phase of dynamical spacetimes. In Ref. [3], it was shown that
asymptotically stationary, vacuum and flat spacetime is uniquely asymptotically Schwarzschild spacetime, i.e., such
spacetime always has same first order structure as the Schwarzschild spacetime. The first order structure has the
information of mass of the spacetime. By this theorem, as long as considering the first order in 1/t expansion, we
can say that asymptotically stationary spacetimes is approaching to the Schwarzschild spacetime. Then it is natural
to expect that the spacetimes will be the Kerr black hole spacetime in the next to the leading order. In this paper,
therefore, we will explore the higher order structures at timelike infinity, that is, we will address if asymptotically
stationary spacetimes always approach to the Kerr spacetime.
The rest of this paper is organized as follows. In Sec. II we will introduce the notion of timelike infinity, asymptotic
stationarity and first order structure. In Sec. III we systematically study the n-th order structure at timelike infinity
focusing on the new degree of freedoms. In Sec. IV we discuss the second and third order structures in the details.
Then we will compare these structure with those of the Kerr spacetime in Sec. V. Finally we will summarize our work
and discuss future issues. In Appendix A we introduce the tensor harmonics on three dimensional hyperboloid. In
Appendix B we give the brief derivation of the zero-th and first order structures. In Appendix C we give some useful
formulae for the computation of the second and third order structures. In Appendix D we will describe the definition
of the multipole moments which will be used in Sec. V.
II. TIMELIKE INFINITY AND ASYMPTOTIC STATIONARITY
In this section, following Ref. [2, 3], we shall introduce the notion of timelike infinity, asymptotic stationarity and
first order structure. In this paper we focus on only vacuum spacetimes. It is easy to extend our work to non-vacuum
cases if we assume that the matter rapidly decays near timelike infinity.
2A. Definition of timelike infinity
We define timelike infinity in asymptotically flat spacetimes. If there is a function Ω which satisfies following
conditions, (i) ∇µΩ 6= 0 and (ii) nµ := Ω−4∇µΩ and qµν := Ω2(gµν +Ω−4F−1∇µΩ∇νΩ) admit the smooth limits at
Ω = 0 with qµν having signature (+ + +), we call this spacetime asymptotically flat at timelike infinity. Here Ω = 0
is the timelike infinity.
Let us suppose that the metric can be expanded near timelike infinity Ω = 0 as
gµν = g
(0)
µν +
∞∑
n=1
Ωng(n)µν . (1)
By solving the vacuum Einstein equations Rµν = 0 near timelike infinity, we can show [2]
F =ˆ1, (2)
qabdx
adxb=ˆh
(0)
ab dx
adxb ≡ dρ2 + sinh2 ρ(dθ2 + sin2 θdφ2), (3)
where =ˆ denotes the evaluation on timelike infinity Ω = 0. See Appendix B for the derivation. Here we denote
xa = (ρ, θ, φ). Introducing the coordinate η defined by η = logΩ, g
(0)
µν dxµdxν becomes
g(0)µν dx
µdxν = e−2η
[−dη2 + dρ2 + sinh2 ρ(dθ2 + sin2 θdφ2)] . (4)
g
(0)
µν gives us the metric of the zero-th order structure at timelike infinity. In this coordinate timelike infinity is located
at η = −∞. By coordinate transformation t = Ω−1 cosh ρ and r = Ω−1 sinh ρ, it is shown that the zero-th order
structure metric is the well-known Minkowski one, that is,
g(0)µν dx
µdxν = −dt2 + dr2 + r2(dθ2 + sin2 θdφ2). (5)
B. Asymptotic stationarity
Obviously the stationary Killing vector at the zero-th order is given by
ξ(0) = − ∂
∂t
= Ωcosh ρ
∂
∂η
+Ωsinh ρ
∂
∂ρ
. (6)
Its dual vector is
ξ(0)∗ = −Ω−1 cosh ρdη +Ω−1 sinh ρdρ. (7)
Then one may introduce the asymptotic stationarity as follows. If spacetime (M, gµν) has a vector field ξ which
satisfies the following conditions
ξµξµ=ˆ− 1, (8)
(£ξg)µν = O(Ω
n), (9)
the space-time is asymptotic stationary at order n and we call the vector field ξ asymptotic Killing vector at order n.
Here we note that the order of Ω is different from that in Ref. [3]. This is due to different basis from that in Ref. [3].
In Ref. [3], the conventional tetrad was used. On the other hand, we use the coordinate system of (η, ρ, θ, φ).
C. First order structure
Now we can discuss the first order structure. See Appendix B for the details. In general g
(1)
µν can be expressed as
g(1)µν = e
−2η
[
−F (1)dη2 + 2β(1)a dηdxa + h(1)ab dxadxb
]
. (10)
3Solving the vacuum Einstein equations Rµν = 0 and imposing the asymptotic stationary condition at the first order,
we can obtain the solutions up to the first order as [3]
(g(0)µν +Ωg
(1)
µν )dx
µdxν = e−2η
[(
−1 + 2mcosh2ρ
sinh ρ
Ω
)
dη2 − 8m cosh ρΩdηdρ
+
(
1 + 2m
cosh 2ρ
sinh ρ
Ω
)
dρ2 + sinh2 ρ(dθ2 + sin2 θdφ2)
]
, (11)
where m is a constant which would be proportional to the black hole mass. We emphasize that F (1) is gauge invariant.
Due to the presence of the asymptotic stationarity it is shown that it has only l = 0 mode and then we had the result
of Eq. (11). See Appendix B for the details.
At the first order the asymptotic Killing vector is given by
ξµ = Ω
−1ξ(0)µ + ξ
(1)
µ , (12)
where
ξ(1) = 2m coth ρdη − 2mdρ. (13)
This first order structure has the same as that of the Schwarzschild spacetime with the mass m. Thus, asymptotically
stationary spacetimes near the timelike infinity can be approximated by the Schwarzschild spacetime up to the first
order.
III. n-TH ORDER STRUCTURE AT TIMELIKE INFINITY
In this section we further consider the n-th order structure at timelike infinity. Near timelike infinity, we expand
the metric up to the n-th order as
gµν =
n∑
i=0
Ωig(i)µν +O(Ω
n+1), (14)
where g
(i)
µν is the metric at the i-th order. In previous section the zero-th and first structures were briefly reviewed.
From now on, we will examine the higher order structure recursively.
A. The Einstein equation
First we will consider the Einstein equation for the metric of the n-th order structure g
(n)
µν . In general we can write
down the n-th order parts of the metric as
g(n)µν dx
µdxν = e−2η[−F (n)(xa)dη2 − 2β(n)a (xb)dηdxa + h(n)ab (xa)dxadxb]. (15)
h
(n)
ab can be decomposed into the trace and traceless parts as
h
(n)
ab = ψ
(n)h
(0)
ab + χ
(n)
ab . (16)
Then, the Einstein equation for g
(n)
µν becomes
(D2 − 3n)F (n) + 3n(1− n)ψ(n) + 2(n− 1)Daβ(n)a = S(n)[g(1), · · · , g(n−1)], (17)
(D2 − 2)β(n)a + 2DaF (n) + 2nDaψ(n) − nDbχ(n)ab = S(n)a [g(1), · · · , g(n−1)], (18)
(D2 + 3− (n− 1)2)χ(n)ab +DaDbF (n) + (4 − n)F (n)h(0)ab +DaDbψ(n) − (n− 4)(n− 1)ψ(n)h(0)ab
+D2ψ(n)h
(0)
ab − 2Dmβ(n)m h(0)ab + 2(n− 2)D(aβ(n)b) = S
(n)
ab [g
(1), · · · , g(n−1)]. (19)
S(n), S
(n)
a and S
(n)
ab are source terms written by the lower order quantities g
(1), · · · , g(n−1) in non-linear form. We will
not write down the expressions explicitly because they are not important in the analysis of this section. But, we will
4do so for the second and third order structures in the next section. Da is the covariant derivative with respect to h
(0)
ab
and D2 = DaDa.
Since the equations are linear with respect to g
(n)
µν , we decompose g
(n)
µν into the homogeneous parts g
(n),hom
µν and the
source parts g
(n),sou
µν . The source part consists of only lower order quantities. On the other hand, the homogeneous
parts have new degree of freedoms in which we are interested in the n-th order. In the following argument, therefore,
we will focus on only the homogeneous terms. For the brevity we will skip the index “hom” for the homogeneous
parts in the remaining part of this subsection.
The metric of the n-th order structures, g
(n)
µν , has the gauge freedom generated by xµ → xµ + kµ with kµdxµ =
Ωn−2(Tdη + Ladx
a). Of course, the lower order structures also have the gauge freedoms which affects on the n-th
order structures. However, these gauge transformations at lower orders act only on the source term g
(n),sou
µν . Hence,
we consider only the gauge freedoms at the pure n-th order. The metric is transformed by this gauge transformation
as
F (n) → F (n) − 2(n− 1)T , β(n)a → β(n)a +DaT + nLa (20)
ψ(n) → ψ(n) + 2T + 2DaLa , χ(n)ab → χ(n)ab + 2D(aLb) −
2
3
h
(0)
ab D
mLm. (21)
Then we can take the “Poisson gauge” as
Daβ(n)a = 0, (22)
Dbχ
(n)
ab = 0. (23)
Note that we imposed the Poisson gauge on only homogeneous terms. There are still gauge freedoms generated by T
and La satisfying
D2T + nDaLa = 0, (24)
(D2 − 2)La − 1
3
DaD
mLm = 0. (25)
Then the Einstein equations for the homogeneous terms become
(D2 − 3n)F (n) + 3n(1− n)ψ(n) = 0, (26)
(D2 − 2)β(n)a + 2Da(F (n) + nψ(n)) = 0, (27)
(D2 + 3− (n− 1)2)χ(n)ab + (DaDb + (n− 4)h(0)ab )F (n) + (DaDb − (n− 4)(n− 1)h(0)ab +D2h(0)ab )ψ(n) + 2D(aβ(n)b) = 0.
(28)
Adding the trace part of Eq. (28) to Eq. (26), we can obtain
D2(F (n) + nψ(n)) = 0. (29)
Taking T = F (n) + nψ(n) and La = 0, which keep the Poisson gauge, we can always set
F (n) + nψ(n) = 0. (30)
There are still the residual gauge generated by La satisfying (D
2 − 2)La = 0. Since the equation for β(n)a is
(D2 − 2)β(n)a = 0, (31)
we can set β
(n)
a = 0 by this residual gauge. Then the remaining equations we should solve are
(D2 − 3)F (n) = 0, (32)
(D2 + 3− (n− 1)2)χ(n)ab = −
(n− 1)
n
DaDbF
(n) +
n− 1
3n
D2F (n)h
(0)
ab . (33)
Let us consider the gauge transformation generated by T = F (n)/(2(n− 1)) and nLa = −DaT which also keeps the
Poisson gauge. Then, in this gauge, we can see
β(n)a = F
(n) = 0 (34)
5holds. Note that the n = 1 case is exceptional because F (1) is already gauge invariant. Thus we cannot eliminate
F (1) in the n = 1 case. As stated in the previous section, the degree of freedom of the first order structure is included
in F (1) (See Appendix B for the details.).
At the n-th orders(n > 1), F (n) is pure gauge modes. The degree of freedom at the n-th order are contained in
χ
(n)
ab satisfying
(D2 + 3− (n− 1)2)χ(n)ab = 0. (35)
The solutions to the above can be written by the tensor harmonic on the hyperboloid, G+,plmab and G−,plmab (see Appendix
A), as
χ
(n)
ab =
∑
l,m
a
(n)
lm G+,n−1 lmab + b(n)lm G−,n−1 lmab , (36)
where (+)-modes have the even parity and (−)-modes have the odd parity. a(n)lm and b(n)lm are constant parameters
which appear as the new degree of freedoms at the n-th order structure. In the next subsection, we will look at how
asymptotic stationarity restricts the above new degree.
B. Asymptotic stationarity
Next, we consider the condition of asymptotic stationarity. We impose this condition on the n-th order structure.
Asymptotically stationary condition for the n-th order structures is
∇µξν +∇νξµ = O(Ωn), (37)
where ξ is supposed to be an asymptotic stationary Killing vector and expanded as follows
ξµ =
n∑
i=0
Ωi−1ξ(i)µ +O(Ω
n). (38)
In general we can decompose ξ
(n)
µ into two parts, ξ
(n),hom
µ and ξ(n),sou which are associated with the homogeneous
parts only of n-th order and others respectively.
From the (η, η)-components of Eq. (37) we first see
∂η(ξ
(n)
η Ω
n−1)− (0)Γµηηξ(n)µ Ωn−1 − (1)Γµηηξ(n−1)µ Ωn−2 − · · · − (n)Γµηηξ(0)µ Ω−1 = O(Ωn), (39)
where Γαµν = (1/2)g
αβ(∂µgβν + ∂νgβν − ∂βgµν) = (0)Γαµν + (1)Γαµν + (2)Γαµν + · · · and the Ω-dependences are included
in each terms. If one focuses on ξ
(n),hom
η , the above equation is simplified to
∂η(ξ
(n),hom
η Ω
n−1)− (0)Γµηηξ(n),homµ Ωn−1 = O(Ωn). (40)
After short computations, it gives us
nξ(n),homη = 0. (41)
Using this the (η, a)-components of Eq. (37) for ξ
(n),hom
a becomes
∂η(ξ
(n),hom
a Ω
n−1)− 2(n)Γµ,homaη ξ(0)µ Ω−1 − 2(0)Γµaηξ(n),homµ Ωn−1 = O(Ωn). (42)
After short calculation, we see
(n+ 1)ξ(n),homa − nχb(n),homa ξ(0),homb = 0, (43)
and then
ξ(n),homa =
n
n+ 1
χb(n),homa ξ
(0),hom
b . (44)
6Then the (a, b)-components imply us the condition on χ
(n),hom
ab as
2D(aχ
(n),hom
b)ρ − (n+ 1)Dρχ
(n),hom
ab − (n+ 2)(n− 1) coth ρχ(n),homab = 0. (45)
This is the asymptotically stationary condition on the n-th order structure. We will look at this precisely. The (ρ, ρ)
and (ρ,A)-components of the above become
a
(n)
l,m
(
∂
∂ρ
Pn−1,l + n coth ρPn−1,l
)
Y l,m(θ, φ) = 0, (46)
b
(n)
l,m
(
∂
∂ρ
Pn−1,l + n coth ρPn−1,l
)
DAY l,m(θ, φ) = 0, (47)
where DA is the derivative with xA = (θ, φ) and Y l,m is the spherical harmonics on S2. It is easy to see that the non-
trivial solution is only permitted for the cases of l = n−1. Then the solution is proportional to Pn−1,n−1 = 1/ sinhn ρ.
It can be easily confirmed that l = n− 1 modes satisfies the (A,B)-components of Eq. (45) too.
Therefore, the degree of freedom of stationary n-th order structure is only l = n − 1 modes. Remember that the
asymptotic stationarity could induce the axisymmetricity at the first order. However, it could not guarantee the
asymptotic axisymmetry at higher orders, that is, m 6= 0 modes exist. As seen later in Sec. V, m 6= 0 modes imply
the deviations from the Kerr black hole spacetime in the higher multipole moments.
Here we focused on the homogeneous parts and then we could observe that the asymptotic Killing equation at
n-th order affects the homogeneous parts of the n-th order structure of timelike infinity. However, one wonders if the
(a, b)-component of Eq. (37) gives us the additional constraints on the homogeneous parts of the lower order structures
than n−1. This issue will be occurred once one thinks of “source” parts of the asymptotic Killing equation. Although
any additional constrains does not appear intuitively, this is non-trivial issue. In the next section, we will confirm
that this property holds in concrete examples. Then we would expect that this is valid for all n-th orders.
IV. SECOND AND THIRD ORDER STRUCTURES
In this section we will look at the second and third order structures in the details. We will also consider the
contributions from the source terms explicitly which were not addressed in the previous section.
A. Second order structure
At the second order, the Einstein equations are
(D2 − 6)F (2) − 6ψ(2) + 2Daβ(2)a = −
16m2
sinh2 ρ
, (48)
(D2 − 2)β(2)a − 2Dbχ(2)ab + 2DaF (2) + 4Daψ(2) = −16m2
coth ρ
sinh2 ρ
h(0)aρ , (49)
(D2 + 2)χ
(2)
ab − 2D(aDcχ(2)b)c + (DaDb + 2h
(0)
ab )F
(2) + (DaDb + h
(0)
ab D
2 + 2h
(0)
ab )ψ
(2) − 2h(0)ab Dmβ(2)m
= 16m2
coth2 ρ
sinh2 ρ
h(0)aρ h
(0)
bρ . (50)
The right-hand sides come from the source parts composed of the lower order quantities. Now we decompose the
aboves into the homogeneous and source parts. The non-trivial solutions of the source parts become
F (2),sou = −4m2, (51)
β(2),souρ = −4m2 coth ρ, (52)
h(2),souρρ = 4m
2 coth2 ρ, (53)
and the other components of g
(2),sou
µν vanish. The homogeneous solutions is
χ
(2),hom
ab =
∑
lm
a
(2)
lmG+,1lmab + b(2)lmG−,1lmab , (54)
7where the summation is taken over l ∈ Z, l ≥ 1 and |m| ≤ l. The other homogeneous terms can be vanished by the
appropriate gauge choices as shown in Sec. III.
Next we consider the asymptotic stationarity at the second order. Spacetimes are asymptotically stationary at the
second order when there is the asymptotic Killing vector satisfying
∇µξν +∇νξµ = O(Ω2). (55)
ξ can be expanded near timelike infinity as
ξµ = Ω
−1ξ(0)µ + ξ
(1)
µ +Ωξ
(2)
µ +O(Ω
2). (56)
Since Eq. (55) is linear with respect to ξ(2), we can decompose ξ(2) into the homogeneous and source parts.
The homogeneous part, ξ(2),hom, can be written as
ξ(2),homη = 0, (57)
ξ(2),homa =
2
3
χ
(2),hom
ab ξ
(0)b. (58)
As seen in the previous section, the (a, b)-components of Eq. (55) show that χ
(2),hom
ab can have only l = 1 modes and
its explicit form of χ
(2),hom
ab is given by
χ
(2),hom
ab =
(
A(2)
sinh4 ρ
− 12 coth ρsinh2 ρDAA(2) − 1sinh2 ρǫ BA DBB(2)
− 12 coth ρsinh2 ρDAA(2) − 1sinh2 ρ ǫ BA DBB(2) − 12A(2)σAB
)
, (59)
where
A(2) = ax sin θ cosφ+ ay sin θ sinφ+ az cos θ, (60)
B(2) = bx sin θ cosφ+ by sin θ sinφ+ bz cos θ. (61)
σAB and ǫAB are the metric of the unit sphere and the antisymmetric tensor with respect to σAB .
Let us consider the source term ξ(2),sou which can be determined by the (η, µ)-component in Eq. (55)
∂µ(ξ
(2),sou
ν Ω) + ∂ν(ξ
(2),sou
µ Ω)− 2(2)Γα,souµν ξ(0)α Ω−1 − 2Γ(1)µν ξ(1)α − 2(0)Γαµνξ(2),souα Ω = O(Ω2), (62)
where (2)Γα,souµν is the part which contains only the source parts. After short calculation we can see
(2)Γα,souην ξ
(0)
α Ω
−1 + Γ(1)ην ξ
(1)
α = 0. (63)
See some useful formulae in Appendix C for concrete calculations. Then Eq. (62) implies
ξ(2),souµ = 0. (64)
Then we can see that
(2)Γα,souab ξ
(0)
α Ω
−1 + Γ
(1)
ab ξ
(1)
α = 0. (65)
holds and then the (a, b)-component of Eq. (62) becomes to be trivial. Thus there are no additional constraints on
the metric.
To be summarized, the second order structure which is asymptotically stationary at the second order is
F (2) = −4m2, (66)
βρ = −4m2 coth ρ, (67)
h
(2)
ab =
(
4m2 coth2 ρ+ A
(2)
sinh4 ρ
− 12 coth ρsinh2 ρDAA(2) − 1sinh2 ρ ǫ BA DBB(2)
− 12 coth ρsinh2 ρDAA(2) − 1sinh2 ρǫ BA DBB(2) − 12A(2)σAB
)
, (68)
and it has the asymptotic Killing vector
ξη = Ω
−1 cosh ρ+ 2m coth ρ+O(Ω2), (69)
ξa = Ω
−1ξ(0)a + ξ
(1)
a +Ω
2
3
χ
(2),hom
ab ξ
(0)b +O(Ω2). (70)
8B. Third order structure
Next we shall consider the third order structures in the details. For the convenience it is better to perform the
gauge transformation xµ → xµ +Ωk(2)µ as
k(2)η =
1
6
A(2)
sinh2 ρ
, (71)
k(2)ρ =
1
6
coth ρ
sinh2 ρ
A(2), (72)
k
(2)
A = −
1
12
coth2 ρDAA(2) − 1
3
ǫ BA DBB(2). (73)
They make the computation simple at the third order. Indeed, as seen later, the asymptotic Killing vector is written
as ξ = −∂t up to the second order in this gauge. After this gauge transformation the metric at the second order are
changed to
F (2) = −4m2 − 1
3
A(2)
sinh2 ρ
, β(2)ρ = −4m2 coth ρ , β(2)A = −
1
6
DAA(2) − 2
3
ǫ BA DBB(2) (74)
h(2)ρρ = 4m
2 coth2 ρ− 1
3
A(2)
sinh2 ρ
, h
(2)
Aρ =
1
6
coth ρDAA(2) + 2
3
ǫ BA DBB(2) , h(2)AB =
5
6
A(2)σAB . (75)
The Einstein equations at the third order in this gauge are
(D2 − 9)F (3) − 18ψ(3) + 4Daβ(3)a = −
8(1− sinh2 ρ)
3
mA(2), (76)
(D2 − 2)β(3)a − 2Dbχ(3)ab + 2DaF (3) + 6Daψ(3) = S(3)a , (77)
(D2 − 1)χ(3)ab − 2D(aDcχ(3)b)c + 2D(aβ
(3)
b) − 2h
(0)
ab D
mβ(3)m + (DaDb + h
(0)
ab )F
(3) + (h
(0)
ab D
2 + 2h
(0)
ab +DaDb)ψ
(3) = S
(3)
ab ,
(78)
where S
(3)
a and S
(3)
ab are
S(3)ρ = −
8
3
coth ρ
sinh3 ρ
mA(2), (79)
S
(3)
A =
2m
sinh3 ρ
DAA(2), (80)
S(3)ρρ =
8
3
2 + sinh2 ρ
sinh5 ρ
mA(2), (81)
S
(3)
ρA = −2m
coth ρ
sinh3 ρ
DAA(2), (82)
S
(3)
AB = −
8
3
mA(2)
sinh3 ρ
σAB . (83)
As in the second order, we decompose the metric to the homogeneous and source parts. The solutions to the source
parts are given by
F (3),sou =
2
3
mA(2)
sinh3 ρ
− 8m
3
sinh ρ
, (84)
β(3),souρ = −8m3
coth ρ
sinh ρ
, (85)
h(3),souρρ =
2
3
mA(2)
sinh3 ρ
+ 8m3
coth2 ρ
sinh3 ρ
, (86)
h
(3),sou
AB = −
4
9
mA(2)
sinh ρ
σAB, (87)
9and the homogeneous terms are
χ
(3),hom
ab =
∑
l,m
a
(3)
lmG+,2lm + b(3)lmG−,2lm, (88)
where the summation is taken over l ∈ Z, l ≥ 2 and |m| ≤ l. Taking the appropriate gauge as shown in Sec. III, we
can eliminate the homogeneous parts of the other components of the metric at the third order.
Next we impose the asymptotic stationarity on the third order structure. The asymptotic Killing vector we supposed
satisfies
∇µξν +∇νξµ = O(Ω3). (89)
ξ can be expanded near timelike infinity as
ξµ = Ω
−1ξ(0)µ + ξ
(1)
µ +Ωξ
(2)
µ +Ω
2ξ(3)µ +O(Ω
3). (90)
Since we performed gauge transformation for the second order structure, ξ(2) is also changed to
ξ(2)η =
1
3
coth ρ
sinh ρ
A(2), (91)
ξ(2)ρ = −
1
3
A(2)
sinh ρ
, (92)
ξ
(2)
A = −
2
3
ǫ BA DBB(2)
sinh ρ
. (93)
It is easy to check that the asymptotic Killing vector is simply written by ξ = −∂t up to the second orders. As in
the second order structure, we decompose ξ(3) into the homogeneous and source parts. For the homogeneous part the
(η, µ)-components in Eq. (89) implies
ξ(3),homη = 0, (94)
ξ(3),homa =
3
4
χ
(3),hom
ab ξ
(0)b, (95)
and for the source part,
ξ(3),souη = −
2
3
mA(2) coth ρ
sinh ρ
, (96)
ξ(3),souρ =
2
3
mA(2)
sinh2 ρ
, (97)
ξ
(3),sou
A = 0. (98)
As seen in the previous section, the (a, b)-components in Eq. (89) shows that the homogeneous term, χ(3),hom can have
only l = 2 modes. For the source terms we can confirm that there are no restrictions, that is, the (a, b)-components for
the source part ξ(3),sou trivially holds. This property was assumed to be hold for the general cases on the homogeneous
parts in Sec. III. See Appendix C for useful formulae to show this.
To be summarized, the solutions for the third order structure which is asymptotically stationary at the third order
is
F (3) =
2
3
mA(2)
sinh3 ρ
− 8m
3
sinh ρ
(99)
β(3),souρ = −8m3
coth ρ
sinh ρ
(100)
h
(3)
ab =
(
2
3
mA(2)
sinh3 ρ
+ 8m3 coth
2 ρ
sinh3 ρ
0
0 − 49 mA
(2)
sinh ρ σAB
)
+ χ
(3),hom
ab , (101)
where χ
(3),hom
ab has only l = 2 modes
χ
(3),hom
ab =

 A(3)sinh5 ρ − 13 coth ρsinh3 ρDAA(3) − ǫ BA DBB(3)sinh3 ρ
− 13 coth ρsinh3 ρDAA(3) −
ǫ B
A
DBB
(3)
sinh3 ρ
1
4
cosh 2ρ−2
sinh3 ρ
A(3)σAB +
1
12
cosh 2ρ
sinh3 ρ
DADBA(3) + 12 coth ρsinh ρ ǫ C(A DB)DCB(3)

 ,(102)
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and
A(3) = axx sin
2 θ cos 2φ+ axy sin
2 θ sin 2φ+ axz sin θ cos θ cosφ+ ayz sin θ cos θ sinφ+ azz(3 cos
2 θ − 1), (103)
B(3) = bxx sin
2 θ cos 2φ+ bxy sin
2 θ sin 2φ+ bxz sin θ cos θ cosφ+ byz sin θ cos θ sinφ+ bzz(3 cos
2 θ − 1). (104)
V. COMPARISON TO THE KERR SPACETIMES
In this section, we will compute the multipole moments of the spacetimes discussed in previous section. Then we
see that the physical meaning of the parameters contained in the second and third order structures will be clear. We
also compare them with those of the Kerr spacetimes. See appendix D for the definition of the multipole moments.
A. Multipole moments up to third order
We will compute the multipole moments of the spacetimes obtained in previous section. To make the calculations
simple, we first perform the gauge transformation xµ → xµ + kµ with
kµ = Ωk
(3)
µ (105)
where
k(3)η =
1
8
A(3)
sinh3 ρ
, (106)
k(3)ρ =
1
8
cosh ρ
sinh4 ρ
A(3), (107)
k
(3)
A = −
1
24
cosh2 ρ
sinh3 ρ
DAA(3) − 1
4
cosh ρ
sinh2 ρ
ǫ BA DBB
(3). (108)
In this gauge, as stated later again, the asymptotic Killing vector becomes to be −∂t up to the third orders. Then
metric function of the third order structure are transformed to
F (3) = −8m3 − 2
3
mA(2)
sinh3 ρ
− 1
2
A(3)
sinh3 ρ
, (109)
β(3)ρ = −8m3
coth ρ
sinh ρ
, (110)
β
(3)
A = −
1
8
DAA(3)
sinh ρ
− 3
4
coth ρ
sinh ρ
ǫ BA DBB(3), (111)
h(3)ρρ =
4m3
sinh3 ρ
+
2
3
mA(3)
sinh3 ρ
− 1
2
A(3)
sinh3 ρ
, (112)
h
(3)
ρA =
1
8
coth ρ
sinh ρ
DAA(3) + 3
4
coth ρ
sinh ρ
ǫ BA DBB(3), (113)
h
(3)
AB =
(
A(3)
sinh ρ
− 4
9
mA(2)
sinh ρ
)
σAB +
1
12
DADBA(3)
sinh ρ
. (114)
Since we performed the third order gauge transformations, the first and second order structures do not change. Next
we perform the coordinate transformation introduced by
t = Ω−1 cosh ρ (115)
r = Ω−1 sinh ρ. (116)
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The transformed metric can be written as
gtt = −1 + 2m
r
+
A(2)
4r2
− 1
r3
(
2mA(2)
3
+
A(3)
2
)
+O(Ω4), (117)
grr = 1 +
2m
r
+
1
r2
(
4m2 − A
(2)
3
)
+
1
r3
(
8m3 +
2mA(2)
3
− A
(3)
2
)
+O(Ω4), (118)
gtA =
2
3r
ǫBADBB
(2) +
3
4r2
ǫBADBB
(3) +O(Ω3), (119)
grA =
1
6r
DAA(2) + 1
8r2
DAA(3) +O(Ω3), (120)
gAB = r
2σAB +
5A(2)
6
σAB +
1
r
[(
A(3) − 4mA
(2)
9
)
+
DADBA(3)
12
]
+O(Ω2), (121)
and gtr = 0. Here O(Ω
4) means O(1/t4). In this coordinate, note that the timelike Killing vector is ξ = −∂/∂t as the
Kerr spacetime. We can obtain λ = −gtt and the twist function ω as (See Eq. (D3) for the definition)
ω =
2B(2)
3r2
+
3B(3)
2r3
+O(1/t4). (122)
We choose Ω = 1/r2, which satisfies the conditions of Eq. (D5) in the definition of spatial infinity. Introducing the
coordinate R defined by R = 1/r, the metric hµν = λgµν + ξµξν can be computed as
hRR = 1− 2
3
A(2)R2 −
(
A(3) − 4
3
mA(2)
)
R3 +O(1/t4), (123)
hRA = −DAA
2
6
R3 −
(DAA(3)
8
− mDAA
(2)
3
)
R4 +O(1/t5), (124)
hAB = R
2σAB +
1
2
A(2)R4σAB +
(
1
3
A(3) − 13
9
mA(2)
)
R5σAB +DADBA(3)R5 +O(1/t6). (125)
Now we can compute the multipole moments defined in Appendix D. There are two types, that is, mass and spin
multipole moments. The results are as follows. The monopole moments are
PM =˜−m, (126)
P J=˜0, (127)
where =˜ denotes the evaluation at r =∞. The dipole moments are
PMR =˜−
1
6
A(2) −m2, (128)
P JR=˜
1
3
B(2). (129)
In the mass dipole moment, the second terms comes from the l = 0 mode of scalar harmonics on sphere while the first
terms does from the l = 1 mode. The spin dipole moment has only the contribution from the l = 1 mode of scalar
harmonics. The quadrapole moments are
PMRR=˜−
1
2
A(3) − 2
3
mA(2) − 2m3, (130)
P JRR=˜
3
2
B(3) +
3
2
mB(2). (131)
The first term in the both comes from l = 2 modes. Other terms are contribution from the l = 0 or l = 1 modes.
From the above results, we observe that the second and third order structures have the information of the dipole and
quadrapole moments of spacetimes. In particular, the even parity modes A(2), A(3) correspond to the mass multipole
moments and the odd parity modes B(2), B(3) correspond to the spin multipole moments. We would guess that this
property might be valid at n-th order and this implies that stationary space-time can be determined completely by
the mass and spin multipole moments.
In the Kerr spacetime, non-trivial multipole moments are only mass monopole and m = 0 mode of spin dipole
moment. Other multipole moments, e.g., mass quadrupole moments, azz in A
(3), can be written by mass monopole
and spin dipole moments as azz = Ma
2 where M is the mass of the Kerr black hole and a is the Kerr parameter.
However, the spacetime we obtained has not only nontrivial mass quadrupole moments, that is, azz is a free parameter,
but also l 6= 0 modes of multipole moments, e.g., axx, axy, axz and ayz in A(3). This means that asymptotically
stationary spacetimes can deviate from the Kerr spacetime.
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VI. SUMMARY AND DISCUSSION
In this paper we study higher order asymptotic structure at timelike infinity. There are two tensor modes as degree
of freedom, that is, even and odd modes. They correspond to the degree of freedom of gravity in four dimensions.
Imposing asymptotic stationarity at n-th order, we could show that only l = n − 1 mode can be allowed. As shown
in Sec. IV, in the case of second and third order structures, the even modes correspond to the mass multipole
moments and the odd mode corresponds to the spin multipole moments. This property would hold in n-th order
too. At first order, the degree of freedoms are contained only in the scalar mode which corresponds to the mass
and the asymptotic axisymmetry is realized. On the other hand, at higher orders, we cannot currently guarantee
the asymptotic axisymmetry only by imposing the asymptotically stationary condition. Hence, the late time phases
of dynamical spacetimes will deviate from the Kerr spacetime in our approach. However these deviations contain
unphysical and singular modes such as outgoing mode at horizon because we did not impose the boundary condition
at event horizon. Thus, another boundary condition near the horizon might be needed to extract physical degree of
freedom. As a first step, it might be better to analyze the asymptotic structures near horizons. If one focuses on the
event horizon, we can show that the expansion and shear of the outgoing null geodesics congruence approaches to
zero as the time goes by [11]. If the ergoregion exists, this implies the another asymptotic isometry which could be
decomposed into the asymptotic stationary and rotational isometries in the similar way with the rigidity theorem for
stationary spacetimes [12]. So we can expect the presence of asymptotic rotational symmetry near the event horizon
and then m 6= 0 modes will be killed. Although we do not have the proof for the moment, this asymptotic rotational
symmetry would present in outside of the horizon too(“asymptotic rigidity”). However, as seen in the previous section,
this additional symmetry is not enough to show the asymptotic uniqueness. For this, some informations about event
horizon topology may be important. These will be our future work.
As an application of our work to higher dimensions, one may be able to construct the asymptotic form of stationary
black objects in higher dimensions. For example, in five dimensions we have only black object solutions which have
two rotational Killing vector. However it is conjectured that there are solutions which have only one rotational Killing
vector [9]. Then it may be possible to obtain the asymptotic form of such spacetime by using our method. The
asymptotic form may give us a new implication into the study on the founding of the exact solutions. It may be useful
to classify the higher dimensional spacetimes. In five dimensions, the mass and spin multipole moments have been
proposed [10]. But, it was turned out that these quantities are not enough to classify the spacetimes. The asymptotic
form of stationary spacetimes in higher dimensions provides us the chance to look for the good parameters.
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Appendix A: Tensor harmonics on hyperboloid
We introduce the tensor harmonics G±,plmab on three dimensional hyperboloid. See Ref. [5] for examples. The tensor
harmonics satisfies
(D2 + 3− (p− 1)2)G±,plmab = 0, (A1)
where D2 = DaDa and Da is the covariant derivative on the hyperboloid. The metric on the hyperboloid is
ds2 = dρ2 + sinh2 ρ(dθ2 + sin2 θdφ2)
= dρ2 + sinh2 ρσABdx
AdxB, (A2)
where σAB is the metric of the two-dimensional sphere.
Now G±,plmab can be written as
G+,plmρρ = T pl1 Y lm , G+,plmρA = T pl2 Y lm
G+,plmAB = T pl3 DADBY lm (A3)
G−,plmρρ = 0 , G−,plmρA = T pl5 Y lmA , G−,plmAB 2T pl6 Y lmAB , (A4)
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where Y lm(θ, φ) are spherical harmonics on S2 and
YA = ǫBADBY lm , YAB = ǫC(BDA)DCY lm, (A5)
where DA is the covariant derivative and ǫAB is the antisymmetric tensor on S2 with ǫθφ = sin θ, The ρ-dependent
parts of tensor harmonics are
T n,l1 =
1
sinh2 ρ
Pn,l(ρ) (A6)
T n,l2 =
1
l(l+ 1)
(∂ρ + coth ρ)P
n,l (A7)
T n,l3 =
2 sinh2 ρ
(l − 1)l(l+ 1)(l + 2)
[
coth ρ∂ρ +
(
n2 + 1 +
l(l + 1) + 2
2 sinh2 ρ
)]
Pn,l (A8)
T n,l4 =
sinh2 ρ
(l − 1)(l + 2)
[
coth ρ∂ρ +
(
n2 + 1 +
2
sinh2 ρ
)]
Pn,l (A9)
T n,l5 = Pn,l (A10)
T n,l6 =
sinh2 ρ
(l − 1)(l + 2)(∂ρ + 2 coth ρ)P
n,l. (A11)
Pn,l is the function defined as
Pn,l =
1√
sinh ρ
P l+1/2n−1/2(cosh ρ), (A12)
where P ln is the first kind associated Legendre function of and Pn,l satisfies
∂2ρP
n,l + 2 coth ρ∂ρP
n,l −
(
n2 − 1 + l(l + 1)
sinh2 ρ
)
Pn,l = 0. (A13)
Appendix B: Zero-th and first order structures
Here we discuss the zero-th and first order structure. See Ref. [2, 3] for the details.
1. Zero-th order structure
We can write the metric as
gµν = Ω
−2[−Ω−2F−1∇µΩ∇νΩ+ qµν ]
= −nˆµnˆν + qˆµν , (B1)
where nˆµ = Ω
−2F−1/2∇µΩ is the normal vector of Ω = const. hypersurface and qˆµν = Ω−2qµν is the metric on its
hypersurface. Ω = 0 is the timelike infinity. The extrinsic curvature Kµν of Ω = const. hypersurface is expressed as
Kˆµν =
1
2
Lnˆqˆµν
= Ω−1F 1/2qµν +
1
2
F−1/2Lnqµν , (B2)
where nµ = Ω−2F 1/2nµ = −(∂Ω)µ. We define Kµν = ΩKˆµν . Now the Einstein equations Gµν nˆµqˆµν = 0 can be
written as
DˆνKˆ
ν
µ − DˆµKˆ = Ω−1(DνK νµ −DµK) = 0, (B3)
where Dˆ and D are the covariant derivatives with respect to qˆµν and qµν , respectively. From Eqs. (B2) and (B3) we
see that F =ˆ const. at timelike infinity. Using the freedom such as Ω→ aΩ where a is a constant, we can always take
F =ˆ1. Then Kµν=ˆqµν at timelike infinity.
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Next, from the Einstein equation Rµν qˆ
µ
ρqˆ
ν
σ = 0, we can see that qµν satisfies the following equation
(3)Rµν +KKµν + F
1/2Kµν − 2KµρKρν +ΩF−1/2LnKµν + F−1/2DµDνF 1/2 = 0, (B4)
where (3)Rµν is the Ricci tensor of qµν . At timelike infinity, this equation becomes
(3)Rµν=ˆ− 2qµν . Thus qµν should
be the metric of the unit-hyperboloid at timelike infinity
qµνdx
µdxν =ˆ dρ2 + sinh2 ρ(dθ2 + sin2 θdφ2). (B5)
To be summarized, from Einstein equation we obtained the zero-th order structure such as
gµνdx
µdxν =ˆ Ω−2[−Ω−2dΩ2 + dρ2 + sinh2 ρ(dθ2 + sin2 θdφ2)]
=ˆ e−2η[−dη2 + h(0)ab dxadxb], (B6)
where Ω = eη and xa = (ρ, θ, φ). The timelike infinity is located at η = −∞.
2. First order structure
We solve the Einstein equation for the first order structure g
(1)
µν
g(1)µν = e
−2η[−F (1)dη2 + 2β(1)a dxadη + h(1)ab dxadxb], (B7)
where h
(1)
ab = ψ
(1)h
(0)
ab + χ
(1)
ab . As shown in Sec. III, taking the Poisson gauge (β
(1)
a = 0, ψ(1) = −F (1)), the Einstein
equations become 1
(D2 − 3)F (1) = 0 , (D2 + 3)χ(1)ab = 0 (B8)
As seen in Sec. III, we can always take F (n) = 0 by residual gauge for n > 1. But, we cannot do it at first order
because F (1) is gauge invariant quantity. Instead, we can eliminate the even parity mode χ
+,(1)
ab by residual gauges.
Then, the solutions to Eq. (B8) are
F (1) =
∑
l.m
a
(1)
l,mP
2,lY lm (B9)
χ
(1)
ab =
∑
l,m
b
(1)
l,mG−,1lm. (B10)
Next we impose the asymptotic stationary condition. This condition is
∇µξν +∇νξµ = O(Ω), (B11)
where ξµ = Ω
−1ξ
(0)
µ + ξµ is an asymptotic Killing vector. From the (η, µ) components of Eq. (B11), we can see
ξ(1)η = −
1
2
(cosh ρF (1) − sinh ρDρF (1)) (B12)
ξ(1)a = −
1
4
(sinh ρDaDρF
(1) + 2 coshρDρF
(1) + F (1)ξ(0)a − 2χ(1)ab ξ(0)b). (B13)
Then the (a, b)-components of Eq. (B11) gives us
3
tanh ρ
(DaDb − h(0)ab )F (1) +DaDbDρF (1) − h(0)ρ(aDb)F (1) + 2D(aχ
(2)
b)ρ − 2Dρχ
(1)
ab = 0. (B14)
This equation is satisfied if and only if χ
(1)
ab = 0 and F
(1) has only l = 0 mode. From the fact P 20 = cosh 2ρ/ sinh ρ,
the asymptotically stationary first order structure is
(g(0)µν +Ωg
(1)
µν )dx
µdxν = e−2η
[
− (1− 2mcosh 2ρ
sinh ρ
Ω)dη2 + (1 + 2m
cosh2ρ
sinh ρ
Ω)h
(0)
ab dx
adxb
]
, (B15)
1 Since there are no source term at first order structure, we should solve the homogeneous part only.
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where we define a
(1)
00 = −2m. Finally we perform the gauge transformation xµ → xµ + kµ as
kη = 2m(2ρ coshρ+ sinh ρ) , kρ = 2m(2ρ sinh ρ− cosh ρ), (B16)
and other components are zero. Then, the metric is transformed to
(g(0)µν +Ωg
(1)
µν )dx
µdxν = e−2η
[
(−1 + 2mcosh2ρ
sinh ρ
Ω)dη2 − 8m coshρΩdηdρ
+ (1 + 2m
cosh 2ρ
sinh ρ
Ω)dρ2 + sinh2 ρ(dθ2 + sin2 θdφ2)
]
. (B17)
There is an asymptotic Killing vector up to the first order as
ξµ = Ω
−1ξ(0)µ + ξ
(1)
µ , (B18)
where
ξ(1) = 2m coth ρdη − 2mdρ. (B19)
Appendix C: Some useful formulae for second and third order structures
1. for second order
The metric and its dual are expanded as
ds2 = [g(0)µν +Ωg
(1)
µν +Ω
2g(2)µν ]dx
µdxν (C1)
and
gµν∂µ∂ν =
[
g(0)µν + g(1)µνΩ + g(2)µνΩ2 + · · ·
]
∂µ∂ν . (C2)
In each orders,
g(0)µν dx
µdxν = e−2η[−dη2 + dρ2 + sinh2 ρσABdxAdxB ], (C3)
g(1)µν dx
µdxν = e−2η
[
2m
cosh 2ρ
sinh ρ
dη2 − 8m coshρdηdρ+ 2mcosh 2ρ
sinh ρ
dρ2
]
, (C4)
g(2),souµν dx
µdxν = e−2η
[
4m2dη2 − 8m2 coth ρdηdρ+ 4m2 coth2 dρ2
]
. (C5)
g(0)µν∂µ∂ν = e
2η[−∂2η + ∂2ρ + (sinh2 ρ)−1σAB∂A∂B] (C6)
g(1)µν∂µ∂ν = e
2η
[
− 2mcosh2ρ
sinh ρ
∂2η − 8m coshρ∂η∂ρ − 2m
cosh 2ρ
sinh ρ
∂2ρ
]
(C7)
and
g(2)µν,sou∂µ∂ν = e
2η
[
− 4m2 coth2 ρ∂2η − 8m2 coth ρ∂η∂ρ − 4m2∂2ρ
]
. (C8)
The affine connection Γαµν is expanded as
Γαµν =
(0)Γαµν +
(1)Γαµν +
(2)Γαµν + · · · (C9)
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and the each components become
(1)Γηρρ = −m
3 cosh2ρ− 4 sinh2 ρ
sinh ρ
, (2)Γη,souρρ = −2m2
3 + 4 sinh2 ρ
sinh2 ρ
, (C10)
(1)Γρρρ = −m
coshρ cosh 2ρ
sinh2 ρ
, (2)Γρ,souρρ = −2m2
cosh ρ(1 + 4 sinh2 ρ)
sinh3 ρ
, (C11)
(1)ΓηρA = 0 ,
(2)Γη,souρA = 0, (C12)
(1)ΓρρA = 0 ,
(2)Γρ,souρA = 0, (C13)
(1)ΓηAB = 2m sinh ρσAB ,
(2)Γη,souAB = 0, (C14)
(1)ΓρAB = 2m coshρσAB ,
(2)Γρ,souAB = 0. (C15)
Here note that we focused on the “source” parts in the second order quantities.
2. for third order
The metric and its dual are expanded up to the third order as
ds2 = [g(0)µν +Ωg
(1)
µν +Ω
2g(2)µν +Ω
3g(3)µν ]dx
µdxν (C16)
and
ds2 = [g(0)µν +Ωg(1)µν +Ω2g(2)µν +Ω3g(3)µν ]∂µ∂ν (C17)
where g
(0)
µν , g(0)µν , g
(1)
µν and g(1)µν are given in Eqs. (C3), (C4), (C6) and (C7).
Taking account of the gauge transformations given in the text, g
(2)
µν , g
(3),sou
µν and g(2)µν and g(3)µν,sou are
g(2)µν dx
µdxν = e−2η
[(
4m2 +
A(2)
3 sinh2 ρ
)
dη2 − 8m2 coth ρdηdρ
− 1
3
(DAA(2) + 4 coth ρǫABDBB(2))dxAdη +
(
4m2 coth2 ρ− A
(2)
3 sinh2 ρ
)
dρ2
+
1
3
(coth ρDAA(2) + 4ǫABDBB(2))dxAdρ+ 5
6
A(2)σABdx
AdxB
]
, (C18)
g(3),souµν dx
µdxν = e−2η
[(
8m3
sinh ρ
− 2mA
(2)
3 sinh3 ρ
)
dη2 − 16m3 coth ρ
sinh ρ
dηdρ
+
(
8m3
coth2 ρ
sinh ρ
+
2mA(2)
3 sinh3 ρ
)
dρ2 − 4mA
(2)
9 sinh ρ
σABdx
AdxB
]
, (C19)
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and
g(2)µν∂µν = e
2η
[
−
(
4m2 coth2 ρ+
A(2)
3 sinh2 ρ
)
∂2η − 8m2 coth ρ∂η∂ρ
− 1
3 sinh2 ρ
(
DAA(2) + 4 coth ρǫABDBB(2)
)
∂A∂η −
(
4m2 − A
(2)
3 sinh2 ρ
)
∂2ρ
− 1
3 sinh2 ρ
(
coth ρDAA(2) + 4ǫABDBB(2)
)
∂A∂ρ − 5
6
A(2)
sinh4 ρ
σAB∂A∂B
]
(C20)
g(3)µν,sou∂µν = e
2η
[
− m
sinh ρ
(
8m2 coth2 ρ+
2A(2)
3
2 cosh 2ρ− 1
sinh2 ρ
)
∂2η −
16m
3
(3m2 +A(2))
coth ρ
sinh ρ
∂ρ∂η
+
2m
3 sinh3 ρ
(
DAA(2) − 4 coth ρǫABDBB(2)
)
∂A∂η − m
sinh ρ
(
8m2 +
2A(2)
3
(
4 +
3
sinh2 ρ
))
+
2m
3 sinh3 ρ
(
coth ρDAA(2) − 4ǫABDBB(2)
)
∂A∂η +
4
9
mA(2)
sinh5 ρ
σAB∂A∂B
]
. (C21)
Then affine connections Γ can be computed up to the third order (only source parts for third orders)
Γηηη = −1− Ωm
cosh 2ρ
sinh ρ
− Ω
2
3 sinh2 ρ
(6m2(2 cosh 2ρ+ 1) +A(2))
− mΩ
3
3 sinh3 ρ
(6m2(1 + 3 cosh 2ρ)) +A(2)(5 cosh 2ρ− 1), (C22)
Γρηη = −mΩ
coth 2ρ(cosh 2ρ− 2)
sinh ρ
+Ω2
coth ρ
sinh2 ρ
(
2m2(1− 2 cosh 2ρ) + A
(2)
3
)
− 2mΩ
3
3
coth ρ
sinh ρ
(
18m2 +A(2)
(
5 +
2
sinh2 ρ
))
, (C23)
ΓAηη = −Ω2
coth ρ
6 sinh2 ρ
(
coth ρDAA(2) + 4ǫABDBB(2)
)
+
mΩ3
6 sinh3 ρ
(
1
sinh2 ρ
DAA(2) − 8 coth ρǫABDBB(2)
)
, (C24)
Γηηρ = Ωm
coth ρ cosh 2ρ
sinh ρ
+Ω2
coth ρ
sinh2 ρ
(
2m2(2 coth 2ρ− 1) + A
(2)
3
)
+Ω3m
coth ρ
sinh ρ
(
4m2
(
3 +
1
sinh2 ρ
)
+
10
3
A(2)
)
, (C25)
Γρηρ = −1 + Ωm
cosh 2ρ
sinh ρ
+
Ω2
sinh2 ρ
(
2m2(2 cosh 2ρ− 1)− A
(2)
3
)
+
2mΩ3
3 sinh ρ
(
3m2
1 + 3 cosh2ρ
sinh2 ρ
+ 5A(2) coth2 ρ
)
, (C26)
ΓAηρ =
Ω2
6 sinh2 ρ
(
coth ρDAA(2) + 2 cosh 2ρ
sinh2 ρ
ǫABDBB(2)
)
+
2mΩ3
3 sinh5 ρ
cosh 2ρǫABDBB(2), (C27)
ΓηηA =
Ω2
12
(
cosh 2ρ− 3
sinh2 ρ
DAA(2) + 8 coth ρǫABDBB(2)
)
− mΩ
3
sinh ρ
(
DAA(2) − 8
3
coth ρǫABDBB(2)
)
, (C28)
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ΓρηA =
Ω2
6
(
coth ρDAA(2) − 2
(
2− 1
sinh2 ρ
ǫABDBB(2)
))
− mΩ
3
sinh ρ
(
DAA(2) − 6 + 2 coth
2 ρ
3
ǫABDBB(2)
)
, (C29)
ΓAηB = −δAB +
Ω2
sinh2 ρ
(
5
6
A(2)δAB +
1
3
D2B(2)ǫAB
)
− 2mΩ
3
3 sinh3 ρ
A(2)δAB, (C30)
Γηρρ = −1− Ωm
2 + cosh 2ρ
sinh
ρ− Ω2
(
2m2(1 + 3 coth2 ρ) +
A(2)
3 sinh2 ρ
)
− mΩ
3
sinh ρ
(
12m2 coth2 ρ+
A(2)
3
1 + 5 cosh2ρ
sinh2 ρ
)
, (C31)
Γρρρ = −Ωm
coth ρ cosh 2ρ
sinh ρ
+Ω2
coth ρ
sinh2 ρ
(
2m2(1− 2 cosh2ρ) + A
(2)
3
)
+mΩ3
coth ρ
sinh3 ρ
(
2m2(3 cosh 2ρ− 1) + A
(2)
3
(1 + 5 cosh2ρ)
)
, (C32)
ΓAρρ = −
Ω2
6 sinh2 ρ
(
DAA(2) + 4 coth ρǫABDBB(2)
)
− mΩ
3
6 sinh3 ρ
(
1
sinh2 ρ
DAA(2) + 8 coth ρǫABDBB(2)
)
, (C33)
ΓηρA = −
Ω2
6
(
coth ρDAA(2) + 2 cosh 2ρ+ 4
sinh2 ρ
ǫABDBB(2)
)
+
mΩ3
3
coth ρ
sinh ρ
(
3 coth ρDAA(2) − 8ǫABDBB(2)
)
, (C34)
ΓAρB = coth ρδ
A
B +Ω
2
(
−5
6
coth ρ
sinh2 ρ
A(2)δAB +
1
3 sinh2 ρ
D2B(2)ǫAB
)
+
2mΩ3
3
coth ρ
sinh3 ρ
A(2)δAB, (C35)
ΓηAB = sinh
2 ρσAB + 2mΩ sinh ρσAB − Ω
2
6
(2A(2)σAB −DADBA(2) − 4 coth ρD(AǫB)CDCB(2))
+
mΩ3
9 sinh ρ
(16A(2)σAB − 3DADBA(2) + 12 cothρD(AǫB)CDCB(2)), (C36)
ΓρAB = cosh ρ sinh ρσAB + 2mΩcoshρσAB −
Ω2
6
(2A(2) coth ρσAB − coth ρDADBA(2) − 4D(AǫB)CDCB(2))
+
mΩ3
9 sinh ρ
(16 cothρA(2)σAB − 3 coth ρDADBA(2) + 12D(AǫB)CDCB(2)), (C37)
ΓABC =
(σ)ΓABC +
Ω2
sinh2 ρ
(
5
6
δA(BDC)A(2) −
1
4
σBCDAA(2)
)
− mΩ
3
sinh3 ρ
(
4
9
δA(BDC)A(2) +
1
9
σABDAA(2)
)
, (C38)
where σAB is the metric on unit sphere and
(σ)ΓABC is the affine connection of σAB.
Appendix D: Definition of multipole moments
Here we introduce the definition of multipole moments following Ref. [7]. Let us consider the stationary spacetimes
with metric gˆµν and denote its timelike Killing vector as ξ. Then we can define two scalar functions φM and φJ
φˆM =
1
4
λ−1(λ2 + ω2 − 1) (D1)
φˆJ =
1
2
λ−1ω (D2)
where λ = −ξµξµ and ω is a twist function which satisfies
∇ˆµω = ǫµνρσξν∇ˆρξσ. (D3)
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The existence of ω is guaranteed by the vacuum Einstein equation Rˆµν = 0. The quantities with hat are associated
with gˆab. We define the metric hˆµν on the hypersurface normal to ξ as
hˆµν = λgˆµν + ξµξν . (D4)
Next we consider the conformal embedding hµν = Ω˜
2hˆµν by the function Ω˜ which satisfies
Ω˜=˜0 , DµΩ˜=˜0 , DµDνΩ˜=˜2hµν , (D5)
where Dµ is the covariant derivative with hab and =˜ means the evaluation on Ω˜ = 0 which we introduce as spatial
infinity. By this conformal transformation, we supposed that two scalar functions φˆM and φˆJ should be transformed
as φM = Ω˜
−1/2φˆM and φJ = Ω˜
−1/2φˆJ .
Then, the 2s-multipole moments are defined recursively as
PA = φA (D6)
PAa = DaφA (D7)
PAa1···as = O
[
Da1P
A
a2···as −
1
2
s(s− 1)Ra1a2PAa3···as
]
(D8)
where O[Tab···] means the symmetric traceless part of the tensor Tab··· and the upper index A = (M,J). Rab is the
Ricci tensor of hab
2. We call PMa1···as and P
J
a1···as the mass and spin multipole moments respectively.
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